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Motivation: the 1-2-3 Conjecture

G: undirected simple graph
w: edge-weighting of G

Definitions: weighted degree, neighbour-sum-distinguishing weighting

For every vertex v € V/(G), the weighted degree s,, of v (by w) is

sw(v) = Z w(wvu).
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w is neighbour-sum-distinguishing if s, is proper.
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Motivation: the 1-2-3 Conjecture

No neighbour-sum-distinguishing edge-weighting of K3

1-2-3 Conjecture [Karoriski, Luczak, Thomason — 2004]

Every graph with no component isomorphic to K, admits a neighbour-
sum-distinguishing 3-edge-weighting.
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Motivation: the 1-2-3 Conjecture

No neighbour-sum-distinguishing edge-weighting of K3

1-2-3 Conjecture [Karoriski, Luczak, Thomason — 2004]

Every graph with no component isomorphic to K, admits a neighbour-
sum-distinguishing 3-edge-weighting.

Remarks:
@ a.as. {1,2} is sufficient [Addario-Berry, Dalal, Reed — 2008]...
e ... but {1,2,3} may be needed (for e.g. Cs)
e {1,2,3,4,5} is always sufficient [Kalkowski, Karoriski, Pfender — 2010]
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sw(u) # sw(v) & #1(u) # #1(v)

= edge-colouring inducing locally irregular subgraphs




Locally irregular edge-colouring

Definition: locally irregular graph

G is locally irregular if its every two adjacent vertices have distinct degrees.
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Definition: locally irregular graph

G is locally irregular if its every two adjacent vertices have distinct degrees.
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c: edge-colouring of G

[ ]

Definitions: locally irregular edge-colouring, irregular chromatic index

c is locally irregular if its every colour class induces a locally irregular
subgraph. The irregular chromatic index of G, denoted x!.(G), is the
least number of colours in a locally irregular edge-colouring of G (if any).
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Locally irregular edge-colouring

X4 (G) = oo if G cannot be coloured

Theorem [Baudon, B., Przybyto, Wozniak — 2013+]

Xy (G) = o0 iff G is an odd length path or cycle, or belongs to a well-
characterized family of tree-like graphs made up of triangles.
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Locally irregular edge-colouring

X4 (G) = oo if G cannot be coloured

Theorem [Baudon, B., Przybyto, Wozniak — 2013+

Xy (G) = o0 iff G is an odd length path or cycle, or belongs to a well-
characterized family of tree-like graphs made up of triangles.

Conjecture [Baudon, B., Przybyto, Wozniak — 2013+]

For every graph G with x{,,(G) # oo, we have x{,(G) < 3.

Remarks:
o if true, would be tight (e.g. Gs)
o verified for several families of graphs...
e ... including regular graphs of large degree (> 107)
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The “Bipartite graphs” problem

Bipartite graphs verify the 1-2-3 Conjecture

Question [Baudon, B., Przybyto, Wozniak — 2013+

Is our conjecture true when restricted to bipartite graphs? Otherwise, can
we prove it with “3" being replaced by any bigger positive constant?

True in some situations...
o trees (< 3)
@ locally irregular bipartite graphs (= 1)
@ complete bipartite graphs (< 2)
@ regular bipartite graphs with 6 > 3 (< 2)

... but some of them cannot be decomposed at all



Allowing K>'s

Question [B., Stevens, Wozniak — 2014]

Does it help if we allow “isolated K's" in locally irregular edge-colourings?
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Allowing K>'s

Question [B., Stevens, Wozniak — 2014]

Does it help if we allow “isolated K's" in locally irregular edge-colourings?

Ky is 1-regular...

Question [B., Stevens, Wozniak — 2014]

What if we allow regular components?

Il This problem is different from the original one !!
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Regular-irregular edge-colouring

Definition: regular-irregular edge-colouring

c is regular-irregular if its every colour class induces regular or locally
irregular subgraphs.
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Regular-irregular edge-colouring

Definition: regular-irregular edge-colouring

c is regular-irregular if its every colour class induces regular or locally
irregular subgraphs.

. /
uniformization” under using twice as many colours
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Regular-irregular chromatic index — easy observations

Definition: regular-irregular chromatic index

The regular-irregular chromatic index of G, denoted Xjo, i), (G), is the
least number of colours in a regular-irregular edge-colouring of G.
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Definition: regular-irregular chromatic index

The regular-irregular chromatic index of G, denoted Xjo, i), (G), is the
least number of colours in a regular-irregular edge-colouring of G.

Remarks:
o !
Xreg—lrr

(G) #
©® Xreg—irr(

(

(

G
G) < mln{X (G),2a(G),sa(G), ...}
G) < Xin(G)
® Xpeg_in(regular) <1
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Regular-irregular chromatic index — easy observations

Definition: regular-irregular chromatic index

The regular-irregular chromatic index of G, denoted Xjo, i), (G), is the
least number of colours in a regular-irregular edge-colouring of G.

Remarks:
® Xreg—irr(G) 7
° X;eg_m(G) < mln{x( ),2a(G),sa(G), ...}
® Xreg—irr(G) < Xine(G)
(

° X;egflrr reglﬂar) <1

Conjecture [B., Stevens, Wozniak — 2014]

For every graph G, we have x;., ;. (G) < 2.
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Bipartite graphs — a constant upper bound

Theorem [B., Stevens — 2014+]

For every bipartite graph G, we have x;., ;,,(G) <6.

Proof. G tree = sa(G) <2 = Xjop i, (G) <2
Otherwise, G = forest + Eulerian bipartite

X;egfirr(G) < X;egfirr(foreSt) + X;egfirr(Eulerian bipartite)
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Bipartite graphs — a constant upper bound

Theorem [B., Stevens — 2014+]

For every bipartite graph G, we have x;., ;,,(G) <6.

Proof. G tree = sa(G) <2 = Xjop i, (G) <2
Otherwise, G = forest + Eulerian bipartite

X;egfirr(G) X;egfirr(foreSt) + X;egfirr(Eulerian bipartite)

2 + 4

ININ
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Eulerian bipartite graphs with a part of even size

Lemma [B., Stevens — 2014+

For every Eulerian bipartite graph G = (A, B) with |A| even, we have
Xier(G) < 2.
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For every Eulerian bipartite graph G = (A, B) with |A| even, we have
Xier(G) < 2.

Proof. Produce a locally irregular 2-edge-colouring ¢ of G s.t.
1. for every a € A, #1.(a) and #2.(a) are odd

2. for every b € B, #1.(b) and #2.(b) are even
Observation. Pick u # v and consider P = uwyw,...wqv. Switch all colours of ¢

along P (1 <+ 2). Then the #1.(w;)’s have their parity unchanged, while the
parity of both #1.(u) and #1.(v) changes (Path-Switching procedure).

Start with ¢ consisting of all edges coloured 1. Then switch once the parity of
#1.(a) for every a € A by applying the P-S procedure on distinct pairs of vertices
of A. |
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Path-Switching procedure — illustration
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Eulerian bipartite graphs with parts of odd size

Lemma [B., Stevens — 2014+

For every Eulerian bipartite graph G = (A, B) with |A| and |B| odd, we
have X;eg—irr(G) S 4.

Proof (sketch). Start with all edges coloured 1. Then remove a € A so that
G — {a} is still connected and |A] is even. Then apply the P-S procedure as
previously, and put a back in G.
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Lemma [B., Stevens — 2014+

For every Eulerian bipartite graph G = (A, B) with |A| and |B| odd, we
have X;eg—irr(G) S 4.

Proof (sketch). Start with all edges coloured 1. Then remove a € A so that
G — {a} is still connected and |A] is even. Then apply the P-S procedure as
previously, and put a back in G.

Actually a can be “conveniently” chosen so that if the obtained 2-edge-colouring
is not locally irregular, then it is only because of the maximum component G;
induced by the edges coloured 1 including those incident to a. But in such a
situation the structure of Gj is so specific that it admits a regular-irregular
3-edge-colouring. So we can just decompose this subgraph separately. |
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All graphs — a result

X(G): standard chromatic number of G
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X(G): standard chromatic number of G

Lemma [B., Stevens — 2014+

For every graph G, we have X}, ;,,(G) < 6log,(x(G)).

Proof. Decompose G into log,(x(G)) edge-disjoint bipartite graphs

Then use at most 6 new colors for each of these [ |
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Conclusions

@ Allowing K>'s (and more generally regular components) helps a lot

o Xin(bipartite) < ? vs.  Xjeu i (bipartite) < 6
o Xie(G) S LEGN] vs. Xieg ine(G) < 6log, A(G)
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o Xie(G) S LEGN] vs. Xieg ine(G) < 6log, A(G)

@ Improving these upper bounds?

Implications on the irregular chromatic index?

@ Is the conjecture (of any weaker version of it) true?

Thank you for your attention.
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