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: : p :
@ ith user — n; resources (with % ; nj = n);

@ resources in a subnetwork must be able to communicate within it.

n1:4© n2:3© n3:1©

& For n-graph G and ny + ...+ n, =n, find V4 U...UV, = V(G) s.t.
Q |Vi|j=njfori=1,...p;
@ G|[Vj] is connected for i =1, ..., p.

(V4, ..., V) is a realization of (nq,...,n,) in G.
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Main issue

A priori, no idea on p, nor on the n;'s!

= Will we be able to satisfy the users?

n=20 nmn=20 n3=20 ng=200
Solution: Require an AP-graph structure.

G arbitrarily partitionable (AP) = All partitions of |V(G)| are realizable in G.
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Considered aspects

So far, considered aspects of AP graphs include:
@ algorithmic aspects;
@ structural aspects;

@ more constrained variants (+ same considerations).

Many open questions...
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o when |sp(7)| =1 (i.e. @ = (k,..., k) for k > 3) [Dyer, Frieze, 1985];
e when |7| = k for any k > 2 [B, 2013].

Q@ on G:
e when G is a tree with A(G) = 3 [Barth, Fournier, 2006];
e when G is a subdivided star [B., 2014];
e when G is regular, a split graph, a cograph, a graph with arbitrary

connectivity, has “many” universal vertices, etc.

So, what about the problem AP = {Graph G: is G AP?}?
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First thoughts: “"AP ¢ NP and AP & co-NP" !l

However, it is clear that AP € M5 (“Yr,3ViU...U V| st [.] 7).
Is AP M5-complete? Or NP-hard?

Well...

Conjecture [Barth, Fournier, 2006]

AP € NP

Verified for a few graph classes:
@ subdivided stars [Barth, Baudon, Puech, 2002];
@ split graphs [Broersma, Kratsch, Woeginger, 2009];

@ complete multipartite graphs, graphs with enough universal vertices,
particular combinations of AP graphs [B., 2016].

= Generally yield checking algorithms.
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On the (suspected) NPness of AP

Should follow from the existence of polynomial kernels of sequences.
Kernel K for G:

G is AP < All sequences of K are realizable in G.

K polynomial = The APness of G relies on a polynomial # of sequences only.

Examples of known polynomial kernels

e subdivided stars: sequences 7 with [sp(w)| < 7;
@ split graphs: sequences 7 with sp(w) C {1,2,3};

@ graphs with enough universal vertices: sequences where the largest
element value appears many times.

What for other classes of graphs?

(e.g. general trees, 3-connected near-triangulations, etc.)
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Structural aspects
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AP trees are rather understood:

Theorem [Barth, Fournier, Ravaux, 2009]

@ AP trees have A < 4;
@ degrees at least 3 are located on a same path;

o degree-4 vertices are adjacent to a leaf.
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Rephrased differently...

Obtained by considering surgraphs that are “easier” w.r.t. the AP property:

not AP <« not AP
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Rephrased differently...

Obtained by considering surgraphs that are “easier” w.r.t. the AP property:

not AP <« not AP

So, actually:

Corollary [Barth, Fournier, Ravaux, 2009]

Removing a cut-vertex from an AP graph results in at most 4 components.
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Generalization

Via the same technique:

Theorem [Baudon, Foucaud, Przybylo, Wozniak, 2014]

For any k > 2, removing a k-cutset from an AP graph:
@ may result in arbitrarily many components,

@ whose orders grow exponentially.
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Weaken results for Hamiltonian cycles/paths to AP graphs?

First example:

Theorem [Ore, 1960]

Let G be a graph with order n. If for every two non-adjacent vertices u
and v of G we have d(u) + d(v) > n—1, then G is traceable.

was weakened to:

Theorem [Marczyk, 2007]

Let G be a graph with order n > 8. If «(G) < [n/2] and for every two
non-adjacent vertices u and v of G we have d(u) + d(v) > n— 3, then
G is AP.

Brandt claimed a generalization to triples of independent vertices.
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Another example

Second example:

Theorem [Folklore?]

Let G be a connected graph with order n. If [E(G)| > (",?) +2, then G
is traceable.
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Another example

Second example:

Theorem [Folklore?]

Let G be a connected graph with order n. If [E(G)| > (",?) +2, then G
is traceable.

was weakened to:

Theorem [Kalinowski, PilSniak, Schiermeyer, WozZniak, 2016]

Let G be a connected graph with order n > 22. If [E(G)| > (",%) + 12,
then G is AP.
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Further directions

Longest paths go through n — 1 vertices & AP (e.g. modified claws).

Does hypotraceability imply APness?

For k > 3, k-connected k-regular are not all traceable...
o ... what for AP graphs? [Diwan, 2003]

Pick your favourite result on traceability. Does it weaken to AP graphs?

o Closure?
o Sets of forbidden patterns?
e etc.

17/27



Recall that spanning AP subgraph = AP.
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Recall that spanning AP subgraph = AP.

Is every AP graph spanned by an AP tree?

AN

Minimal AP graph = Graph with no non-trivial spanning AP subgraph.

No!

Properties of minimal AP graphs?

18 /27
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Progress so far

Not much known. Main conjecture:

Conjecture [Ravaux, 2009]

Minimal AP graphs have linear size.

Known stuff:
o Largest known families: m = % [Baudon, Przybyto, Wozniak, 2012].
e If G minimal AP with n > 6, then A(G) < n— 3 [B., 2014].

Questions:
@ Denser families?
@ Generalization of the A property.
o Clique number?
@ Families with connectivity k > 27

@ etc.
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Preaffectations

n1:3© n2:3© n3:1© n=10

Suppose now that the resources are not identical, and we allow k vips to request a
particular resource.

(Mm=30060 (Mm=3")0 m=10 n=10

21 /27
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AP-+k graphs

Want: Graph G s.t.
e YV partition 7 := (ny, ..., np) of |V(G)]|, and
@ V sequence (vi, ..., vx) of k < p distinct vertices

there is a realization (V4, ..., V) of min G where v; € V; for i =1, ..., k.

“AP+k” = That property.

Note:
o AP+0 = AP.
o AP+k = (k + 1)-connected.

Complete graphs K,, with n > k are AP+k.
Hamiltonian path = AP+0.

Hamiltonian cycle = AP+1.
Hamiltonian-connected = AP+2.

Generalization of the latter results?
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Powers of paths and cycles

Generalization in terms of underlying powers of path/cycle.

Theorem [Baudon, B., Przybylo, Wozniak, 2014]

For every k > 1 and convenient value of n, we have:
o PXis AP+(k —1);

n

o Ckis AP+(2k —1).

Next consideration: AP+k graphs with few edges.

Theorem [Baudon, B., Sopena, 2014]

For every k > 1 and n > k, there exist AP+k graphs on [@] edges.

Obtained (partly) by considering so-called Harary graphs.
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Lovasz-Gyori Theorem

k-AP+k = All size-k sequences are realizable under k-prescriptions.
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k-AP+k = All size-k sequences are realizable under k-prescriptions.

Theorem [Lovasz, 1977 — Gyéri, 1978]

k-connected < k-AP+k

Intriguing fact: We do not know how to obtain these realizations in poly-time.
A few cases known:

@ O(n) for k = 2 [Suzuki, Takahashi, Nishizeki, 1990];

e O(n?) for k = 3 [Miyano, Nishizeki, Takahashi, Uneo, 1990];

@ O(n) for k = 4 (partially) [Nakano, Rahman, Nishizeki, 1997].
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Intriguing fact: We do not know how to obtain these realizations in poly-time.

A few cases known:
@ O(n) for k = 2 [Suzuki, Takahashi, Nishizeki, 1990];
e O(n?) for k = 3 [Miyano, Nishizeki, Takahashi, Uneo, 1990];
@ O(n) for k = 4 (partially) [Nakano, Rahman, Nishizeki, 1997].

How to do that in general?
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Still motivated by real-life modifications.

@ On-line AP: Whenever a user requires resources, we provide them on-line.
VA e {1,...,V(G)}, there is a connected G[S)] s.t. G — S is OL-AP.

@ Recursive AP: All allocated networks should be re-partitionable.
Vr = (m, ..., np), there is a realization V4 U ... UV, s.t. each G[V]] is R-AP.
It is known that R-AP = OL-AP = AP, but any converse is false.

Quite similar concerns have been considered:
@ OL-AP and R-AP trees have A < 3, and full lists exist;

@ Yk, there is f(k) s.t. removing k-cutsets results in at most f(k) components;
@ ... and a few more algorithmic and structural things.
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Exhibit more polynomial kernels. Near-triangulations? Denser classes?
More generally, the complexity of AP.

More Hamiltonian conditions for APness?

Hypotraceable = AP?

3-connected cubic = AP?

Properties of minimal AP graphs? Denser classes?

The Lovasz-Gyori Problem for k = 47 More classes? Planar graphs?
1-tough = 3-AP?

More things on OL-AP and R-AP graphs?

Combine some terms: OL-AP, R-AP, AP+ k, k-AP, minimal, etc.
etc.

Thanks for your attention.



