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What is graph irregularity?
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“Regular” versus “Chaotic” patterns
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Perceiving regularity /symmetry /harmony/order
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Perceiving regularity /symmetry /harmony/order

@ Tough to define ® (to me at least)

o Natural preference, for several factors:
e evolutionary advantage

cognitive ease

cultural influences

psychological comfort

aesthetic appeal

etc.

Blend of evolutionary, cognitive, cultural, and psychological factors
influencing our perceptions and preferences
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What in graphs?

@ A bit of that too...
@ ... but also dedicated motivations/criteria:

“real-life” graphs
simplifying proofs
etc.

@ Several notions of symmetry, regularity, order:
o regularity w.r.t. degrees

vertex/edge transitivity, graph automorphisms, etc.
results such as Szemerédi's Regularity Lemma

existence of “nice” plane embeddings
w/\
BN

etc.
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Wondering about graph irregularity

Note: All along, graphs are mostly undirected, connected, loopless, simple
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Today's talk

In what follows:
@ Several problems on graph irregularity
@ Mainly introducing and extracting irregularity in graphs
1. “Old” (or seminal ®) concerns, mainly from the 1980s

e Making simple graphs t.i. through edge multiplications
o Other notions of graph irregularity

2. “More recent” concerns, since the 2000s
e More local problems/concerns
o Related decompositional approaches and problems

Warning: Very wide field, will not be exhaustive (we can discuss later ®)
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Reaching irregularity through
edge multiplications
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Making simple graphs totally irregular (1986)

IRREGULAR NETWORKS

Gary Chartrand’, Western Michigan University
Michael S. Jacobson, University of Louisville
Jent Lehel, Computer and Automation Institute,

Hungarian Academy of Sciences, Budapest
Ortrud R. Oellermann, Western Michigan University
Sergio Ruiz, Universidad Catlica de Valparaiso, Chile
Farrokh Saba, Western Michigan University

ABSTRACT

A network N is a graph in which each edge is assigned a positive
integer weight. The degree of a vertex in N is the sum of the
weights of its incident edges. A network is irregular if its vertices
have distinct degrees. The strength of a network N is the maximum
weight among the edges of N. The irregularity strength s(G) of a
graph G is the minimum strength among the irregular networks having
G as an underlying graph. It is shown that s(G) is defined for
every connected graph G of order p 2 3 and that s(C) < 2p - 3.
Further, if N is a network of strength at least 2, then there exists
an irregular network having the same strength as N and containing N

as an induced subnetwork.

1. Introduction

A graph G is regular if its vertices have the same degree; G
is irregular if its vertices have distinct degrees. While the litera-
ture abounds with results about regular graphs, it is well known that
nontrivial irregular graphs fail even to exist. Such is not the case

for multigraphs, however. For example, the multigraph of Figure 1(a)

is irregular, having vertices of degrees 3, 4 and 5.
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Sample example

e Graph — (t.i.) Multigraph

@ Preserves the original structure
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Sample example

Graph — (t.i.) Multigraph
Preserves the original structure

Chartrand et al.: avoid “exploding” an edge too much?

Above: every edge — < 4 parallel edges; what about < 37
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Another take on the problem

Remark: Previous problem a bit tedious to study
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Another take on the problem

Remark: Previous problem a bit tedious to study

k parallel edges — Label k
Degrees — Incident sums
T.i. multigraph — T.i. labelling

Minimising max. edge “explosion” — Minimising max. label

Irregularity strength s(G) of G: this minimum
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Understanding the problem

Remarks:
@ 5(G) well defined iff G has no 2K; and K, (as connected components)
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Understanding the problem

Remarks:
@ 5(G) well defined iff G has no 2K; and K, (as connected components)
@ Non-connected graphs are troublesome ®
e s(G) not bounded by an absolute constant k > 1

For any x > 0, set nb(x) as the # of degree-x vertices; then, need:

e nb(l) < k

o nb(2) <2k-1
e nb(3) <3k-2
@ etc.

But vertices with different, yet close degrees can also “collide” ®

10/34



Some known results

In particular:

o Conjectures (sometimes for some classes) involving the nb(x)’s

11/34



Some known results

In particular:
o Conjectures (sometimes for some classes) involving the nb(x)’s

@ Most of which remain open and out of reach to date

@ Even for trees/forests (e.g. seminal works by Togni ®)

11/34



Some known results

In particular:
o Conjectures (sometimes for some classes) involving the nb(x)’s
@ Most of which remain open and out of reach to date

@ Even for trees/forests (e.g. seminal works by Togni ®)

s(G) < n—1 for every n-graph G [Nierhoff, 2000]
s(G) <6[n/d(G)] [Kalkowski, Karonski, Pfender, 2011]
(~ Faudree-Lehel Conjecture, confirmed asymptotically [Przybyto, 2024])

11/34



Some known results

In particular:
o Conjectures (sometimes for some classes) involving the nb(x)’s
@ Most of which remain open and out of reach to date

@ Even for trees/forests (e.g. seminal works by Togni ®)

s(G) < n—1 for every n-graph G [Nierhoff, 2000]
s(G) <6[n/d(G)] [Kalkowski, Karonski, Pfender, 2011]
(~ Faudree-Lehel Conjecture, confirmed asymptotically [Przybyto, 2024])

@ Variants (local, total, etc.)
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Considering other types of
graph irregularity
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Highly irregular graphs (1987)

Highly Irregular Graphs*

Yousef Alavi
Gary Chartrand
WESTERN MICHIGAN UNIVERSITY

F.R.K. Chung

BELL COMMUNICATIONS RESEARCH
Paul Erdos

HUNGARIAN ACADEMY OF SCIENCES
R.L. Graham

AT&T BELL LABORATORIES

Ortrud R. Oellermann
WESTERN MICHIGAN UNIVERSITY

ABSTRACT

A connected graph is highly irregular if each of its vertices is adjacent
only to vertices with distinct degrees. In this paper we investigate sev-
eral problems concerning the existence and enumeration of highly
irregular graphs as well as their independence numbers, with particular
focus on the corresponding problems for highly irregular trees.
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Highly irregular graphs

High irregularity (h.i.) = No vertex has two neighbours with the same degree
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Highly irregular graphs

Studied aspects (mostly [Alavi, et al., 1987]):

Existence for all n ¢ {3,5,7}

Maximum size w.r.t. order

Minimum order w.r.t. containing a prescribed graph
Minimum order for trees with given maximum degree
Proportionality for fixed order

Independence number

Degree sequence and properties

Etc.
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Locally irregular graphs (2015)

irregular subgraphs

© CNRS, LaBRI, UMR 5800, F-33400 Talence, France

On decomposing regular graphs into locally

0. Baudon®", J. Bensmail *°, J. Przybyto ', M. WoZniak

* University Bordeaux, LaBRI, UMR 5800, F-33400 Talence, France

©AGH University of Science and Technology, al. A. Mickiewicza 30, 30-059 Krakow, Poland

ARTICLE INFO

ABSTRACT

Article history:

Received 28 September 2013
Accepted 25 February 2015
Available online 21 March 2015

Alocally irregular graph is a graph whose adjacent vertices have dis-
tinct degrees. We say that a graph G can be decomposed into k locally
irregular subgraphs if its edge set may be partitioned into k subsets
each of which induces a locally irregular subgraph in G. We char-
acterize all connected graphs which cannot be decomposed into
locally irregular subgraphs. These are all of odd size and include
paths, cycles and a special class of graphs of maximum degree 3.
Moreover we conjecture that apart from these exceptions all other
connected graphs can be decomposed into 3 locally irregular sub-
graphs. Using a combination of a probabilistic approach and some
known d onstrained fagiven graph,
we prove this statement to hold for all regular graphs of degree at
least 107. We also support this conjecture by showing that decom-
positions into three or two such subgraphs might be indicated e.g.
for some bipartite graphs (including trees), complete graphs and
cartesian products of graphs with this property (hypercubes for in-
stance). We also investigate a total version of this problem, where
in some sense also the vertices are being prescribed to particular
subgraphs of a decomposition. Both the concepts are closely re-
lated to the known 1-2-3 Conjecture and 1-2 Conjecture, respec-
tively, and other similar problems concerning edge colourings. In
particular, we improve the result of Addario-Berry et al. (2005) in
the case of regular graphs.
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Locally irregular graphs

Local irregularity (l.i.) = No two adjacent vertices with the same degree

2 < o
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Locally irregular graphs

Local irregularity (l.i.) = No two adjacent vertices with the same degree

> >

@ Not much known about the structure of l.i. graphs...
o Existence for all n >3
e Maximum size w.r.t. order [B., Catherinot, Fioravantes, Marcille, Oijid, 2024-+]
o General properties
o Etc.

Much more common than h.i. graphs

H.i. # Li. (see previous examples), and vice versa (stars)

T.i. = h.i. + Li.
Probably other notions of irregularity in literature
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Distinguishing labellings

Generalising Chartrand et al’s problem to high and local irregularity?

‘ H Total irregularity ‘ High irregularity ‘ Local irregularity ‘

h.i. labellings

irregularity strength

. t.i. labellings
‘ Labellings ‘ ‘ ‘ 1-2-3 Conjecture

‘ Ii. labellings ‘
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o ‘“Injective 1-2-3 Conjecture” [B., Li, Li, 2021]

Possible for all graphs

Conjecture: labels 1,..., A(G) + 1 suffice for all graphs G
Proved true for some classes of graphs
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Distinguishing labellings

Generalising Chartrand et al’s problem to high and local irregularity?

‘ H Total irregularity ‘ High irregularity Loghil irregul®ity ‘

t.i. labellings hi. labellings l.i. labellings
irregularity strength B & 182-3 Conject

‘ Labellings ‘

o ‘“Injective 1-2-3 Conjecture” [B., Li, Li, 2021]
o Possible for all graphs e

els 1,...,A(G) + 1 suffice for all graphs G

e for some classes of graphs

g the number of labels is NP-complete

\!

o Proved
e Optimi

@ 1-2-3 Conjecture [Karonski, tuczak, Thomason, 2004]
e Possible for all connected graphs but K; ®
o Conjecture: labels 1,2, 3 suffice for all connected graphs G # K>
e Deciding if 1,2 suffice is NP-complete [Dudek, Wajc, 2011]
e Many derived variants and related questions
o Hold on for what else we know © ...
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Three variants of the 1-2-3 Conjecture

o Original variant:
e Assign 1,2, 3 to edges
o Compute sums incident to vertices
e Pray that adjacent vertices have distinct sums ©®
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Three variants of the 1-2-3 Conjecture

Original variant:
e Assign 1,2, 3 to edges
o Compute sums incident to vertices
e Pray that adjacent vertices have distinct sums ©®

What if we do “something else” with labels?
What about multisets? Products?
o Multisets: [Addario-Berry, Aldred, Dalal, Reed, 2005]
o Products: [Skowronek-Kaziéw, 2012]

@ Connections between the three variants

o Note: other variants exist as well (for sets, sequences, etc.)

18/34



Comparing the three variants

Nice stuff:

o Different sums or products = Different multisets
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Comparing the three variants

Nice stuff:
o Different sums or products = Different multisets
o Different degrees = Different multisets

@ In products, 2 and 3 are coprime, 1 is neutral:

e 2 and 3 act similarly in products and multisets
o 1 is like “skipping” labelling an edge

Product version ~ Multiset version with a neutral label

19/34



How bounds progressed
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[Karoriski, tuczak, Thomason] <12@
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[Karoriski, Luczak, Thomason]

[Addario-Berry, Dalal, McDiarmid, Reed, Thomason]
[Addario-Berry, Dalal, Reed], [Wang, Yu]
[Kalkowski, Karoriski, Pfender]
[Kalkowski, Karoriski, Pfender]

sums multisets products

<192

<+ @

I

30

<6

<5

[Addario-Berry, Aldred, Dalal, Reed]
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How bounds progressed

sums multisets products
[Karoriski, Luczak, Thomason] <192
Y ) [Addario-Berry, Aldred, Dalal, Reed]
[Addario-Berry, Dalal, McDiarmid, Reed, Thomason] <30
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How bounds progressed

products

sums multisets
[Karoriski, Luczak, Thomason] <192
Y ) [Addario-Berry, Aldred, Dalal, Reed]
[Addario-Berry, Dalal, McDiarmid, Reed, Thomason] <30
[Addario-Berry, Dalal, Reed], [Wang, Yu] <16,<13
[Kalkowski, Karoriski, Pfender] <6
<5

[Kalkowski, Karoriski, Pfender]
Skowronek-Kaziéw]

@

[Vugkovi€]

Hocquard, Lajou, Sopena]

<4 'ﬂ‘ B

[Keusch]
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o Sums: [Keusch, 2024]
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o Multisets: [Vutkovi¢, 2018]
e Products: [B., Hocquard, Lajou, Sopena, 2023]
o Sums: [Keusch, 2024]

@ None of the three proofs is “easy”
o Multisets and products: sort of similar proofs
e Sums: something different

In what follows: a flavour of the proof for products ©
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A bit of the proof for products

Theorem — B., Hocquard, Lajou, Sopena, 2023

For every connected graph different from K5, we can assign labels 1,2, 3 to
the edges so that neighbours are distinguished by their incident products.

For any 3-labelling ¢:
e /=1,/=2,/=3(Note: / and / can be interchanged)
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Theorem — B., Hocquard, Lajou, Sopena, 2023

For every connected graph different from K5, we can assign labels 1,2, 3 to
the edges so that neighbours are distinguished by their incident products.

For any 3-labelling ¢:
e /=1,/=2,/=3(Note: / and / can be interchanged)

@ ® = l-monochromatic (product is 1)

© @ = 2-monochromatic (product is 2P for p > 0)
e @ = 3-monochromatic (product is 39 for g > 0)
@ Bichromatic = product is 2P39 for p,q > 0

Remark: no conflict between
@ i-monochromatic and j-monochromatic for i # j
@ monochromatic and bichromatic

Actually, conflict between 2P39 and 239 iff p = p’ and q = ¢’
°e®= (product is 22P3 for p > 0)
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Main labelling steps

Start from all edges labelled 1
1. Partition V(G) into V4 U---U V; so that

o the Vj’s are independent, and
e every v € V; with / > 1 has a neighbour in V; for every j < i

2. Relabel the upward edges of V4, ..., V3 to realise certain products
3. Get rid of conflicts in (V4, V5)
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The type of labelling we want by the end of Step 2

Vi [ e ° |
Vs [/ . o/

Vs L. [

Vi, o

Vs [¢”
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The type of labelling we want by the end of Step 2

Vi [ 2 1-mono or 3-mono
/
3 . ° / 1-mono or 2-mono
V3 bichrom: R =1 and R+B even
/N/
Vi / » bichrom: B = 2 and R+B odd
/
Vs [ bichrom: R =2 and R+B even
Note:

@ No conflict between odd layers; same for even layers
@ Same between odd layers and even layers (except for 1-mono across (Vq, V2))
e No (B =1 and R+B odd)
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Decomposing graphs into irregular graphs
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Where these concerns come from

Decomposition = Partition/Colouring of the edges
Irregular decomposition = Decomposition into irregular (?) graphs
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Where these concerns come from

Decomposition = Partition/Colouring of the edges

Irregular decomposition = Decomposition into irregular (?) graphs

Several motivations:
@ “Measure” of irregularity

o lrregular graphs: only one colour suffices

@ Build upon an irregular subgraph to get an irregular labelling?
o Equivalence between decompositions and labellings in some cases

N\, 7~
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Where these concerns come from

Decomposition = Partition/Colouring of the edges

Irregular decomposition = Decomposition into irregular (?) graphs

Several motivations:
@ “Measure” of irregularity

o lrregular graphs: only one colour suffices

@ Build upon an irregular subgraph to get an irregular labelling?
o Equivalence between decompositions and labellings in some cases

RN
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Another example

Here: h.i. decomposition
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Irregular decompositions

‘ ‘ Total irregularity

High irregularity

Local irregularity

. t.i. labellings . . Li. labellings
Labellings irregularity strength h.i. labellings 1-2-3 Conjecture
Decompositions / h.i. decompositions l.i. decompositions
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,{

o Highly Irregular Decompositions

o Possible for all graphs

, Montero, Talon, 2024+]

Important connection: every proper edge-colouring works!
Conjecture (7): < A(G) colours suffice for all graphs G with A(G) > 3
Proved true for some classes of graphs

Deciding if two colours suffice is NP-complete
Polynomial-time algorithms under some parameters
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Irregular decompositions

‘ H Total irregularity ‘ High irregularity ‘ Local irregularity ‘
. t.i. labellings . . Li. labellings
Labellings irregularity strength h.i. labellings 1-297Conj&ture
Decompositions / h.i. decompositions Li. fecomposit ons

o Highly Irregular Decompositions [B., Marin, Montero, Talon)2024+]

o Possible for all graphs

Proved t

o Locally Irregular Decompositions [Baudon, B., Przybyto, Wozniak, 2015]

colours sutric

Important connection: every proper edge-colouring wi
Conjecture (2

for some classes of graphs

Deciding if two colours suffice is NP-complete
Polynoiyial-time algorithms under some parameters

e Three infinite classes of exceptions ®
Conjecture: three colours suffice for all graphs (but one + exceptions)

Best result to date: 220 colours suffice!

]
e Proved true for some classes of graphs
o
]

Deciding for two colours is NP-complete [Baudon, B., Sopena, 2015]

graphs G with A(G) >3
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Theorem — B., Merker, Thomassen, 2016

If G is decomposable, then G decomposes into at most 328 I.i. graphs.
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First ingredient: Reducing to even-size graphs

Side note, main point:

Theorem — Folklore

Every connected graph of even size decomposes into paths of length 2.
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First ingredient: Reducing to even-size graphs

Side note, main point:

Theorem — Folklore

Every connected graph of even size decomposes into paths of length 2.

When a connected graph has odd size:

Theorem — B., Merker, Thomassen, 2016

In every connected, decomposable graph of odd size, there is a -4 or a
-é:o. whose deletion yields even-size connected components only.

Thus, “cost” of 1 for reducing to even-size graphs (and avoiding troubles ©)
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Second ingredient: Decomposing even-size bipartite graphs

Main result:

Theorem — B., Merker, Thomassen, 2016

Every connected bipartite graph of even size decomposes into 9 l.i. graphs.
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Actually, “almost” sufficient, might be a (single) faulty vertex ®
o If no cycle through it, all incident edges are bridges = Dedicated arguments
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e = Structure on E(C) U E(P) decomposes into at most 4 Li. graphs

31/34



Second ingredient: Decomposing even-size bipartite graphs

Main result:

Theorem — B., Merker, Thomassen, 2016

Every connected bipartite graph of even size decomposes into 9 l.i. graphs.

Main ideas to prove this:

@ Degrees in one part even while all those in other odd = I.i.!
Achievable through removing two trees w/ specific properties
In particular, can be proved they decompose into two l.i. graphs each

Actually, “almost” sufficient, might be a (single) faulty vertex ®
o If no cycle through it, all incident edges are bridges = Dedicated arguments
o Otherwise, remove a cycle C through it + a degree-decreasing path P from it
e = Structure on E(C) U E(P) decomposes into at most 4 Li. graphs

o Allinall, <242+ 441 =9 colours/l.i. graphs
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Third ingredient: Decomposing degenerate graphs
and graphs with large minimum degree

Theorem — B., Merker, Thomassen, 2016

Every connected graph of even size decomposes into H+ D, where §(H) >
10%°, and D is an even-size connected (2 - 10'° + 2)-degenerate graph.
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Third ingredient: Decomposing degenerate graphs
and graphs with large minimum degree

Theorem — B., Merker, Thomassen, 2016

Every connected graph of even size decomposes into H+ D, where §(H) >
10%°, and D is an even-size connected (2 - 10'° + 2)-degenerate graph.

For the degenerate part:

Theorem — B., Merker, Thomassen, 2016

Every connected d-degenerate graph of even size decomposes into
[log,(d + 1)] + 1 connected bipartite graphs of even size.

And for the part with large minimum degree:

Theorem — Przybylo, 2016

Every connected graph G with §(G) > 10%° decomposes into 3 |.i. graphs.
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We now have everything ©

Connected graph odd size?

Subdivided star
1 Li. graph

Connected graph ‘_J
rest

w/ even size

Y

Graph w/ § > 1010 Connected (2 - 1010 4 2)-degenerate

even size?

graph w/ even size

l . 1010 _
3 Li graphs |0g2(2_ 107+ 3)+1=36 connected
bipartite graphs w/ even size

36 x 9 = 324 L.i graphs

Thus, <1+ 34 324 =328 l.i. graphs ©©06
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@ ... but still many things to do!

Irregularity strength: NP-completeness?

1-2-3 Conjecture: variants (list, total, optimisation, etc.)
L.i. graphs: structural properties?

]
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o L.i. decompositions: NP-completeness for bipartite graphs + decrease 220
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Conclusion and perspectives

e Very interesting field ®® (right?)
o Great progress over the recent years...
@ ... but still many things to do!
o Irregularity strength: NP-completeness?
o 1-2-3 Conjecture: variants (list, total, optimisation, etc.)
o L.i. graphs: structural properties?
o L.i. decompositions: NP-completeness for bipartite graphs + decrease 220
@ Other problems? Other notions of graph irregularity?

Thank you for your attention!
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